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PREFACE 
The word "geometry" is derived from two Creek words meaning earth 
measure. Geometry serves as a basic for all measurements. It treats 
of shape and size of things. It has been extended from the study of 
line segments and angles on a plane to the study of abstract spaces. 
Geometry has been used since the beginning of civilization. With¬ 
out the use of geometry, the Egyptians could not have built their tenples, 
pyramids or their great Sphinx. The Greeks were greatly influenced by 
the Babylonians and the Egyptians. Many Greek writers traveled to 
Egypt and brought back geometry to their country. Greek philosophers 
were very much interested in geometry between the years 600 B. C. and 
1000 B. C. During this tine new principles and formulas were discovered 
and devised by them. They arranged these new principles in an orderly 
logical system, much as ary science today is organized and studied in 
an orderly system. 
The aim of this paper is to show the development of geometry as a 
logical system based upon undefined elements and postulates. The first 
chapter is designed to do just that. Logic is important in the develop¬ 
ment of a geometry, that is to say, each definition of a relation must 
involve other relations. In order for a geometry to be logical, some 
concepts or terms must remain undefined. Moreover, in geometry, con¬ 
cepts help our imagination and suggest what axioms are to be used. The 
only properties to be assumed are those actually stated in the axioms. 
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The second chapter is concerned with the development of synthetic 
projective geometry. This geometry is concerned with the building of a 
logical system. The first chapter gives the background for the develop¬ 
ment of this geometry. Synthetic geometry and logical are closely re¬ 
lated. Pascal and Desargues did extensive work in this geometry. It 
was not until 1659 that synthetic projective geometry was developed as 
a new and Independent division of mathematics. We will also discuss 
figures, the principle of duality, perspectivity and quadrangles. The 
final chapter states and proves the fundamental theorem of Desargues. 
It is hoped that the information compiled here will be of some 
use to undergraduate students as well as graduate students who may wish 
to study in this area. The information is presented with the hope that 
the reader will get a better insight into the understanding of some of 
the basic concepts of geometry. 
I wish to express my appreciation to Dr. Subhash C. Saxena and 
Dr. Lonnie Cross for their many helpful suggestions and criticisms in 
the c copiât ion of this thesis. Further, I wish to thank Mrs. Mary Ellen 
James for the time-consuming task of typing this thesis. 
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In cur discussion we want to set the stage for the development 
of a geometry as a logical system based upon undefined elements and 
postulates. After we have done this and through the various topics 
leading to a geometry, we will be able to deduce theorems along with 
obtaining an understanding of the consequence of any given set of 
postulates. Many of the accomplishments of man are due to his ability 
to think logically in certain areas. Mathematics is known to be a 
logical science or a science of logic. 
Geometry is an ever-changing body of knowledge. New concepts are 
still being developed. We want to get a thorough understanding of 
these concepts, but most of all, we must understand those concepts that 
have been discovered in the past. Let us now begin with some basic 
concepts of geometry. 
Logical System.—In any geometry we want to build a logical 
system; therefore, we will assume certain properties from these as¬ 
sumptions (postulates, or axioms). In a logical development of geom¬ 
etry, each definition or a relation involving other relations must 
remain undefined. Moreover, in any geometry some of the elements must 
be accepted without formal definition and all other elements may be 
defined in terms of these undefined elements. When we refer to unde¬ 
fined elements, we mean that some of the relations among these elements 
1 
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must be accepted without formal proof. These assumed relations are 
often called assumptions, postulates or axioms. Other relations which 
may be proved or deduced are called theorems Axioms are de¬ 
fined as accepted true statements which are valid in all systems. 
Axioms are nothing more than abstractions from nature based upon ob¬ 
servation. For example, an axiom may contain a statement such as, 
"Things equal to the same things are equal to one another." We also 
have postulates, which are statements involving defined or undefined 
elements, which are assumed as true statements. Postulates are ac¬ 
cepted for a particular system; however, they must be consistent. Con¬ 
sistency of postulates means that no two statements are contrary. For 
example, a postulate may contain a statement such as, "Through two dis¬ 
tinct points one and only one straight line can be drawn." 
It is important that the meaning of certain terms be understood 
in any discussion. Therefore, in order to prevent this misunderstand¬ 
ing, it is necessary to have definitions, but these definitions should 
be concisely stated, i.e., meaningful and consistent. Definitions 
should also be reversible. A reversible statement may be expressed in 
the form of "if and only if (iff)." A square is a rectangle with equal 
sides. Two triangles are congruent iff the three sides are equal to 
the corresponding three sides of the others. These are examples of re¬ 
versible statements. 
Whenever the definitions of two elements, say A and B are re¬ 
lated such that the definition of A depends upon the element B and the 
definition of B depends upon the element A, we have reasoning in a 
circle in setting up our definitions. To avoid this type of reasoning 
in a circle, we must have undefined elements and unproved relations 
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(axioms or postulates) among these elements. For example, a line is 
defined as the joining of two points and a point is defined as the 
intersection of two lines. These definitions cannot be accepted in any 
logical system; therefore, they must remain undefined. In the develop¬ 
ment of a geometry we should consider only a small number of words 
which are undefined. Then other words are defined in terms of these 
undefined words, or in terms of words which themselves are defined in 
terms of the undefined words. This process is essential for the con¬ 
struction of any logical system. 
Let us discuss briefly what is meant by defined terms or words. 
Now that we have a basic vocabulary of undefined words we can proceed 
to define other words in terms of these undefined words. In doing so 
we must assume that we have seme ordinary, non-technical language to 
help us. Using the undefined words and non-technical words from our 
English language we proceed to define additional words in our deductive 
system. Suppose we let "point," '’line segment" and "join" be unde¬ 
fined. Then we can define a triangle as the figure consisting of three 
points (not joined by a single line segment) and the three line seg¬ 
ments which join these points in pairs. Notice that we have used a 
number of common English words such as "consisting," "twice," "pairs," 
... since these do not have a technical meaning in geometry as such 
Logical Notations.—Symbols are used in all logical system to 
aid in overcoming the language difficulties. These symbols aid in 
understanding our concepts in geometry. All formal proofs are based 
upon implications of the form "p —^ q, " i.e., the statement p implies 
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iff if and only if, 
* 
•'4 therefore. 
The following examples will demonstrate the use of the above 
symbols in the development of a logical system. 
Example 1. For any statement p, q we will use the following symbols. 
p p is valid, 
pj p p is not valid, 
p /\ q both p and q are valid, 
p V <1 at least one of the statements p, q is valid. 
A statement is valid if it holds in the logical system in ques¬ 
tion. 
Example 2. Two statements p, q are equivalent if p —£ q and q —^ p, 
that is, p 4-^ q* 
Let p « "A" is an equivalent triangle. 
Let r - "AM has three equal angles. 
Then p —^ r, 
r —^ P> 
Pf^r. 
Example 3■ Given any statement of the form p —f q. 
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we have, 
P —) q the statement, 
q —ï p the converse statement, 
(A/P)—^ (*/q) the inverse (or opposite) statement, 
(A/q) —^ (/\/p) is known as the contrapositive of. 
the given statement. The inverse of the converse of a statement is the 
contrapositive. The inverse of a statement implies the converse of 
that statement and vice-versa. A statement is always equivalent to its 
contrapositive. The statements p —> q and (*/q) —>“ (rJp) are logi¬ 
cally equivalent. 
Two statements p and q are contradictory if the first statement 
holds, then the second statement does not hold; i.e., if p, then rv» q. 
Similarly, if the first statement does not hold; then the second state¬ 
ment does hold; i.e., if A/p, then q. For example, the statement, the 
car is all black is valid, then the statement, the car is not all black 
must be invalid. If the first statement holds then the second state¬ 
ment does not hold. Similarly, if the first statement does not hold 
then the second statement holds. The statements (p) and (A;p) are con¬ 
tradictory statements. In any logical system, either p holds or (/>/p) 
holds. 
Two statements p and q are contrary, if when (p) holds (q) does 
not hold and if when (q) holds then (p) does not hold. Two statements 
q are contrary if they both cannot hold; i.e., if rJ (p A 9). The car 
is all black. The car is all red. In the example given above, the 
car may be blue. Notice that two contrary statements may both be 
false. All contradictory statements are contrary but many contrary 
statements are not contradictory. 
6 
Our discussion is primarily concerned with the development of a 
logical system in geometry based upon undefined elements and postulates. 
Aristotle's Laws of Logic provides a basis for the indirect method of 
proof and for the inverse and contrapositive statements of any given 
statement. Aristotle's Laws of Logic are stated as follows: 
(i) p <—> p, law of identity, 
(ii) rJ /pA(^pJ7> law of non-contradiction - a statement and 
its contradictoiy cannot both be valid. 
(iii) pv(/«p), law of the excluded middle - at least one of any 
two contradictory statements must be valid ^3jGJ. 
An equivalence relation is a relation ( ^—> ) that satisfies all 
three properties below. 
(i) Reflexive, if p^p, (any statement is equal to itself), 
(ii) Symmetric, if p ^ q, then q > p. 
(iii) Transitive, if p q and q •*—^ r, then p > r. 
Inductive and Deductive Reasoning.—A mathematical science is a 
body of propositions arranged according to a sequence of logical deduc¬ 
tions. It is the method of mathematical demonstration, which consists 
in the logical deduction of the proposition to be proved from other 
propositions previously proved We will discuss two types of 
reasoning that are often used in the development of a geometry. 
Inductive reasoning is that form of reasoning where we assume the 
general case. This type of reasoning is based upon observation. If 
the result is true for some specific cases, then from observation, we 
generalize the result. For example, show that 1 + 2 + 3 + ...n® 
n (n + 1). Say k is true for some n, then we have to prove that n is 
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true for k + 1. If it holds for k + 1, it will also hold for k + 2,... 
From these specific cases we have generalized our results and concluded 
that K is true for all n's. However, this is not always the case, be¬ 
cause a general statement may hold, true in many specific cases and still 
not be time in all cases. For example, let us consider the expression 
n^ - n + Ul, where n is a natural number, and consider these values in 
the table from 1 to 10 . 
l 2 3 U 5 6 7 8 9 10 
>v ■ n+ Ui Ul U3 U7 $3 61 71 83 97 113 131 
Upon substituting for n, we see that the second row consists of 
prime numbers. A prime number is one that is divisible by itself and 
one only. From observation we may conclude that the result will be a 
prime number no matter what number is substituted for n. Through the 
use of a trial and error method we see that the number la will not be 
a prime number; therefore, we cannot make that general statement as we 
did in the beginning of our problem. 
Another type of reasoning is deductive. This type of reasoning 
is done in a logical sequence where each result is based on a previous 
result. For example p —> —> p£ ... Let us consider the follow¬ 
ing examples where deduction reasoning is used. 
Example 1. No lazy student attends a 7:30 class. 
Jim attends a 7:30 class. 
Conclusion: Jim is not a lazy student. 
Example 2. Students from different countries enjoy talking to each 
other. 
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John and Arthur are students from Cuba. 
Jane and Alice are students from Brazil. 
Conclusion: John and Arthur enjoy talking to Jane and Alice. 
Example 3* Symbols are one-letter words. 
Over half the words are symbols in some mathematics books. 
Conclusion: Over half the words in some mathematics books are one- 
letter words. 
In deductive reasoning we are primarily interested in our con¬ 
clusion. Even though our propositions may be false, as long as the 
conclusion follows from the statements, we would consider our reasoning 
to be valid. If our conclusion does not follow from the statements then 
our reasoning is invalid. The deductive method of approach is favored 
over the inductive method in our discussion since we are concerned with 
postulates which are accepted without proof. 
Two methods of logical proof are the direct and indirect proof. 
The direct proof begins by using certain postulates and undefined or 
defined terms to prove (p). The indirect proof begins with an as¬ 
sumption and derive at a contradiction; therefore, the other must be 
true. 
Logical Significance of Postulates.—Postulates, as we stated, 
are statements involving defined or undefined elements which are as¬ 
sumed as true statements. Postulates must satisfy certain conditions 
before being generally accepted. 
These conditions are as follows: 
(i) Easily tinderstood. 
(ii) Involve only a few undefined terras. 
(iii) Must be consistent. 
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(iv) Do not derive at two contradictory statements. 
(v) Any two results derived should not be contrary. 
(vi) Each postulate should be independent of the other. 
For example, if we have two or more postulates, no two should be 
contrary. 
(i) All pencils are red. 
(ii) My pencil is red. 
(iii) His pencil is blue. 
From the example above postulate (i) is not consistent. Consist¬ 
ency of a set of postulates or theorems mean that no two statements 
contradict each other, or in other words, out of any two contradictory 
statements at least one cannot be proved. 
A set of postulates and the science based upon it are each con¬ 
sistent if they are self-consistent. The question as to the truth of 
the statements of the science is another matter entirely. The ques¬ 
tion, “Does the science present a valid picture of the universe?" is 
often difficult to answer. The validity of a picture can be verified 
only by comparison with the original. Since the comparison must be 
made by man; it can be accomplished only within the margins of error in 
man's observations. Whenever several distinct, consistent, and cate¬ 
gorical sets of postulates may be made to fit the same physical phenom¬ 
enon within the error of man's observations, a choice is usually made 
on the basis of usefulness, simplicity, and productivity in the sense 
of interesting theorems. These considerations of validity and truth 
illustrate an important aspect of logic? namely, a logical consequence 
of a postulate or set of postulates need not be true. For example, the 
postulate all fruits are red implies that all oranges are red. The 
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reasoning is valid even though the conclusion is not true in the sense 
of presenting an accurate picture of our universe. A statement is said 
to be valid if it is a logical consequence of the set of postulates 
under consideration, a statement is said to be true if it appears to 
be valid in our universe. Mathematicians usually think of a geometry 
as a deductive system based upon a consistent and categorical set of 
postulates £3>6J• 
Let us consider the following set of postulates, in which the 
undefined terms are points and lines. 
Postulates Set I 
PI: There are exactly three distinct points. 
P2: Two distinct points determine a line. 
P3: Not all the points are on the same line. 
PU: TWO distinct lines determine at least one point. 
P$i Two distinct lines determine at most one point. 
Postulate P5 may be eliminated since it is a consequence of P2. 
Figure 1 is an example to prove the consistency of postulates PI 
through PU. 
It is desirable that postulates are independent. A postulate is 
shown to be independent of the others in a particular set by exhibit¬ 
ing a concrete representation in which the others are valid but the 
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given postulates do not apply. The following figures will show the in¬ 
dependency of our postulates PI through PU. 
Figure 2 
Figure 2 indicate that PI (there are exactly three distinct points) 
is independent of P2, P3, and Pit.» The postulates P2, P3> and PU are 
satisfied but PI is not satisfied. 
Figure 3 indicate that P2 (two distinct points determine a line) 
is independent of PI, P3, and PU. The postulates PI, P3, and PU are 
satisfied but P2 is not satisfied. 
ABC 
-x * *- 
Figure U 
Figure U indicate that P3 (not all the points are on the same 
line) is independent of PI, P2, and PU* The postulates PI, P2, and 
PU are satisfied but P3 is not satisfied. 
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Figure 5 
Figure 5 indicate that PU (two distinct lines determine at least 
one point) is independent of PI, P2, and P3. The postulates PI, P2 
and P3 are satisfied but PU is not satisfied. Postulates PI through 
PU are a finite geometry because it consists of a finite number of 
elements. 
We have shown that postulates PI, P2, P3, and PU are consistent. 
Each postulate in Set I is independent of the others in that set. 
Postulate F5 is a consequence of P2 in the set PI through P5. P5 is 
not independent because it can be derived from the preceding four pos¬ 
tulates. The set of postulates PI through P5 is not valid in eucli¬ 
dean geometry because euclidean geometry is not limited to three points, 
but it has an infinity of points. 
Let us consider another set of postulates. 
Postulates Set II 
P2.1î If A and B are points on S (set of points) there is a line AB 
on them. 
P2.2; If A and B are distinct points, there is at most one line AB on 
them. 
P2.3s Any two lines have at least one point of S in common. 
P2.U: There exists at least one line. 
P2.5>: Every line is on at least three points of S. 
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P2.6: Not all points of S are on the same line. 
P2.7: No line is on more than three points of S. 
Figure 6 will indicate that the postulates of set II is consist' 
ent»~ 
If we say that two lines meet, we mean that they have a point in 
common. If we say that a point is on a line, we mean the same as if we 
said a point was of a line. 
Postulates P2.1, P2.2, P2.5 and P2.6 are independent in set II. 
A and B refer to any two points of a set S of undefined elements called 
points. A and B may be any two points of S regardless of what letters 
are used to designate the points. In set II postulates P2.3> P2»U and 
P2.7 are also independent. Using the postulates in set II we have 
P2.1 
P2.2 (1) Two points determine exactly one line. 
P2.2 
P2.3 (2) Two lines have exactly one point in common. 
P2.5 
P2.7 (3) There are exactly three points on a line. 
P2.6 
P2.5 (U) There are at least four points. 
(1), (2), (3) and (U) are theorems because they are arrived from a 
logical consequence from the above postulates. A list of postulates 
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does not necessarily constitute a proof of a theorem. 
Categoricalness.—A set of postulates is said to be categorical 
if they are consistent in one system or one representation only. If 
there exist two representations which make the set of postulates con¬ 
sistent, then there must exist a one-to-one correspondence between the 
elements and relations of the two systems such that the relations be¬ 
tween those elements are preserved. This correspondence is known as 
isomorphism. 
Figure 7 
Postulates PI through Pi; in Set I are valid in Figure 1. They 
are also valid when the undefined points are taken as symbols A, B, C 
and the lines are taken as columns. For the above representations 
(i) There exist exactly three distinct symbols. 
(ii) Two distinct symbols determine a unique column. 
(iii) Not all symbols are on the same column. 
(iv) Two distinct columns have at least one symbol in common. 
PI through PU are satisfied when the undefined elements are represented 
as symbols and columns. The one-to-one correspondence between the re¬ 
presentation in Figure 1 and the representation in the above array is 
indicated in Figure 7. Each symbol is associated with a point and each 
column is associated with a line. 
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These seven postulates are so chosen that these different appear¬ 
ing geometries are isomorphic. Our undefined elements are the stu¬ 
dents and committees in a modern secondary school class. The word 
"student" is used interchangeably with the word "member" in the follow¬ 
ing seven postulates. 
P2.11: If A and B are students, there exists a committee on which 
they serve together. 
P2.2': If A and B are different students, there exists at most 
one committee on which they serve together. 
P2.3': Any two committees have at least one member in common. 
P2.U'î There exists at least one committee. 
P2.51 Every committee has at least three members. 
P2.6’: Not all students serve on the same committee. 
P2.7'î No committee has more than three members. 
The following theorems may be deduced from the above postulates. 
Theorem 1. Any two distinct students serve together on exactly one 
committee. (P2.1* and P2.2') 
Theorem 2. Any two distinct committees have exactly one member in 
common (P2.2* and P2.3') 
Theorem 3* There exist three students who do not serve together on 
a committee. 
Theorem U. Every committee has exactly three members. 
The students may be represented by the symbols A, B, C,... The 
committees are indicated by the following seven columns. There are 
exactly seven committees 
A A B A C B C 
B D D F E E D 
C E F G F G G. 
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The class consists of seven students who forai seven committees. Each 
committee has three members and each student serves on three committees. 
From postulates Set I we may also prove that S consists of seven 
points that lie on seven lines. Each line being on three points of S 
and each point on three lines. Figure 2 indicates a graphical repre¬ 
sentation of this geometry. The isomorphism between the point-line re¬ 
presentation and the student-committee representation in the array of 
seven students (A, B,...G) on seven committees (columns) can be in¬ 
dicated by identifying the points of Figure 2 with the students as in 
Figure 8. 
B 
Veblen and Young states postulates similar to the set P2.1 through 
P2.7 using '’elements of S" and "m-class" as undefined terms and belong¬ 
ing to a class" as an undefined relation. The "m-class" refers to a 
committee of men /Ilj397. Another geometry that is isomorphic to the 
ones stated above may be obtained by using number triples as points. 
A Geometry of Number Triple.—Points on a plane are generally 
represented by pairs of real numbers (x, y) and lines by the equations 
ax + by + c * 0, where ax + by + c = 0 always represents a straight 
line. Descartes introduced what is known as coordinates. In the 
Descartes system a point is uniquely determined by two coordinates. If 
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you are given the point without the coordinates, draw a perpendicular 
to the x and y axis, (x, y) are known as non-real numbers and the co¬ 
ordinates of the point p. X represents the distance of points from 
the y-axis and y represents the distance of points from the x-axis. 
These representations will be obtained by use of non-homogeneous co¬ 
ordinates. 
A point on a plane can be represented in homogeneous coordinates 
by an ordered triple of real numbers, (x^, x2, *3)A such that the fol¬ 
lowing conditions are satisfied. 
(i) (kx^, kx2, kx^) * (xj_, x2, X3) but k / 0. 
(kx^, kx2, kx-j) would represent the same point as repre¬ 
sented by (x^, x2,x-j). 
(ii) There is no point corresponding to (0, 0, 0). 
1 
When x^ / 0, we may choose k ■ ^3 and associate each point a num¬ 
ber triple (x, y, 1), where x « ^1 and y * x2. The two representations 
x3 x3 
(x, y) and (x^, x2, x^) of the points on an ordinary plane are called 
non-homogeneous and homogeneous coordinates of the points. When x^«0, 
there exist number triples (points) which can be represented in the 
form (x, y, 1) and cannot be represented using non-homogeneous 
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coordinates. 
The equation of a line is determined as a^x^_ + + a3x3 = 
At least one aj (j * 1, 2, 2) is different from zero. The line is in¬ 
dicated by *2* a3_7* When k / 0, we may write /âp ag, a3J “ 
Tjcap kag, ka^_7 to indicate that the equations a-jx^ + + a3x3 * 0 
and ka^x^ + ka2X2 + ka^x^ = 0, represents the same line. Multiplica¬ 
tion by a constant vector (k) does not affect the line. Number triples 
representing lines satisfy the same two conditions as that of number 
triples representing points. Points are represented as (xp Xg, x^) and 
lines as /£p ag, a3_7* The symbols £ J and ( ) represent lines and 
points respectively. 
If we wish to test whether (xp Xg, x^) lies on a certain line, we 
would multiply the corresponding coordinates and add. If zero is ob¬ 
tained, then the point lies on the line, and if we do not obtain zero, 
then the point does not lie on the line. For example, consider the line 
[J., 2, 37» and the point (3, -3.1). The point (3, -3*1) lies on the 
line /Ï, 2, 37 iff (l) (3) + (2) (-3) + (3) (D “ 0 or (3) (1) + (-3) 
(2) + (1) (3) ■ 0. In checking our result, we find that 3 + (-6) + 3 
= 0. Therefore, we conclude that the point (3, -3*1) lies on the line 
/I., 2, 37* Using the same procedure we see that the point (1, 2, 3) 
and (2, 1, 3) do not lie on the line 2, 37 because our result 
obtained does not equal to zero. 
Consider the points and lines with coordinates from a set of num¬ 
bers S, where S consists of two numbers 0 and 1. Such a system S may be 
obtained from the set of integers by replacing each integer by the re¬ 
mainder when it is divided by 2. Let (xp Xg, x^) be residue class 
origin of integers mod 2. All the even integers will be congruent 
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to zero (mod 2) and all the odd integers will be congruent to 1 (mod 2) 
In the symbols (x^, x2, x-j) there are two possibilities for each co¬ 
ordinate and 2^ * 8 possible number triples. (0, 0, 0) is to be ex¬ 
cluded, because it does not represent a point. In this geometry we 
have exactly seven points and seven lines. The seven points are 
(0, 0, 1), (0, 1, 0), (1, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1), 
(1, 1, 1) . 
The seven lines are 
/p, 0, 17, /p, 1, 07, [l, 0, 07, [l, 1, 07, /x, 0, 17, /ô, 1, ÿ, 
£> 1.37. 
The following points lie on the line at the right: 
(i) (0, 1, 0) (1, 0, 0) (1, 1, 0) lie on /Ô, 0, ÿ m 
(ii) (0, 0, 1) (1, 0, 0) (1, 0, 1) lie on /Ô, 1, 6J 
(iii) ( 0, 1, 0) (0, 0, 1) (0, 1, 1) lie on /I, °, Oj t 
(iv) (0, 1, 0) (0, 0, 1) (1, 1, 1) lie on /I, 1, 0/. 
(v) (0, 1, 0) (1, 0, 1) (1, 1, 1) lie on /Ï, 0, ]/ 
(vi) (1, 0, 0) (0, 1, 1) (1, 1, 1) lie on /Ô, 1, \J # 
(vii) (1, 1, 0) (1, 0, 1) (0, 1, 1) lie on /Ï, 1, ÿ, 
Each line will have three points. Two points of the seven points will 
not lie on the line, (i) through (vii) is similar to our geometry on 
the student committees, and is isomorphic to the one above by sub¬ 
stituting through G, by our lines and points. 
(0,1,6) 
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Similiarly, we may obtain the geometry of 13 points and 13 lines. 
In this geometry, four points will lie on the same line and four lines 
will lie on each point. Consider the points and lines with coordinates 
from a set of numbers S, where S consists of three numbers 0, 1, 2. 
Such a system may be obtained by replacing each integer by the remainder 
when it is divided by 3. 3 is replaced by 0, U is replaced by 1, ... 
(0, 0, 0) does not represent a point in this system, (kx^, kX2, kx^) 
and (x^, Xj>, X3) represent the same point whenever k / 0. 
(1, 0, 1) and (2, 0, 2) represent the same point. 
(0, 1, 1) and (0, 2, 2) represent the same point. 
(0, 1, 2) and (0, 2, l) represent the same point. 
These three points discussed in terms of (mod 3) 0, 1, 2 represent the 
same point. 
Geometric Invariants.--We have discussed the basic ideas and con¬ 
cepts in the development of a geometry on undefined elements and 
postulates, and the type of reasoning we have used in our discussion. 
This type of reasoning as stated previously is the deductive system. 
The deductive system is primarily concerned with properties of the 
physical world in which we live. 
As we advance in our studies of the basic fundamental concepts 
of geometry, it becomes necessary to alter our definition of geometry. 
Now, we are saying that geometry is the study of those properties 
(theorems, postulates, definitions) which remain invariant or unchanged 
under a group of transformations. 
In 1872 Felix Klein introduced the ideas of properties which re¬ 
mained invariant under a group of transformations. For example, 
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consider this transformation known as a translation, 
x' » x + 1 
x'i -Ii*1 
Xg * X 
x'g is greater than x'^ iff Xg > x-^. 
Making a transformation 
x* is the new coordinate system. In this transformation (translation) 
(i) Distances are invariant. 
(ii) Direction is invariant. 
This is an equation of a translation x* ■ x + a , 
Let us consider this transformation of a line about the origin. 
x' - ax 
y* » ay 
Figure 12 
(i) Distance does not remain invariant in this transformation. 
The origin remains fixed. 
(ii) Lines through the origin remain fixed. 
(iii) Angles are invariant. 
Now let us consider a transformation on a coordinate plane in eucli¬ 
dean geometry,, cJhere a > 0 for any real number. 
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x' *= ax 
yt = ay 
±-% y' - mx' 
Figure 13 
y* * rax1 where a / 0 . 
a a 
If we cancel out the a, we have y' = mx^ all lines through the origin 
remain invariant also the angles between the line remain invariant. 
(i) a-jX^ + b^y + c-^ =0 -a-j_ , slope of line 
(ii) a^ + bgy + Cg =0  ^ -a2 , slope of line 
V . 
Under the transformation 
a1 x* + b' y1 + c^ = 0   - a1 / b1 = a* 
a * a / a b J 
Which is the same slope as (i). Therefore, if the slope remains in¬ 
variant, the elements remain invariant. Slopes of the lines remain 
invariant. 
(xi*yi> d -V (X2.Xl)2 + (y2-yi)2 
Distances are not invariant unless a * 1. We can accept the defini¬ 
tion for geometry, as being the study of those properties which remain 
invariant under a group of transformations. This definition will be 
used throughout our discussion in the development of several geometries. 
CHAPTER II 
SYNTHETIC PROJECTIVE GEOMETRY 
Synthetic projective geometry is among the five major advances of 
modem mathematics of the seventeenth century. It was not until the 
early nineteenth century that it became popular among geometers. 
Desargues is given credit for the development of synthetic projective 
geometry as a new and independent division of geometry in 1639• In 
this geometry we begin with some undefined terms, some definitions and 
assume some postulates. From these postulates we develop some theorems. 
This approach is used in the development of a logical system in geometry. 
Euclid used this approach in his discussion of geometry. In synthetic 
projective geometry points and lines are undefined terms. With this in 
mind, we will proceed to discuss the postulates of incidence and the 
postulates of existence. 
First, of all let us define shat is meant by a plane. In synthetic 
projective geometry, if you have a line and a point (P) outside the line, 
you can discuss the plane by joining point P to the infinite number of 
points of line £■> The totality of all the points on a line joining P 





Before we proceed to give some additional meanings of a plane, we 
will define the following words which we will now use quite frequently 
in our discussion. 
Definition 1. Concurrent means passing through a point. Two or more 
lines which have a point in common are called concurrent lines. Three 
or more planes having a point in common are called concurrent planes. 
Definition 2. Collinear means lying on the same line. Points lying on 
the same line are called collinear points. Planes having a common line 
are called collinear planes. 
Definition 3* Co-planar means lying in the same plane. Points lying 
in the same plane are called co-planar points. Lines which lie in the 
same plane are called co-planar lines. 
We are now ready to give three additional meanings of a plane. 
(i) A plane is uniquely determined by a line and a point which 
x 
does not lie on the line.    
(ii) A plane is uniquely determined by three non-collinear 
yt 
points. x x 
(iii) A plane is uniquely determined by two intersecting lines. 
S 
a 
Since points and lines are undefined terms, a plane and a three- 
space may be defined using the postulates of incidence and postulates 
of existence. In the n-space a point is a zero -space; a line is a 
one-space and a plane is a two-space. 
In synthetic geometry, undefined relation is incidence of a point 
and a line. The line passes through point P and the point P is lying 
on the line Ji 
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The word "incidence" means a line passing through a point or a point 
lying on a line. A point and a line may or may not be incident. When 
they are, we say that the point lies on the line or that the line passes 
through the point. Now let us consider the following figure and postu¬ 
lates. 
Postulates of Incidence 
P-1: Through two distinct points A and B there passes at least one 
line. 
B 
P-2: There is not more than one line passing through two distinct 
A y J & 
points A and B. * 
P-3: If A, B and C are three points not on the same line, then there 
are two distinct points D and £, such that D is on line BC. £ is 
on line AC and also there is a point F such that F lies on AB and 
BE. (Figure 16) 
If BE is parallel to AB, then F lies at infinity. 
Postulates of Existence 
P-It: There exist at least one line. 
P-5: There are at least three distinct points on a line 
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P-6: Not all the points are on the same line. 
P-7: All the points lie on the plane. (Closure Property) 
P-8: If S3 is a three-space, then every point is on S3. 
Postulate P-8 restricts all the points to three-space. 
The geometry based on these postulates of incidence and existence 
will be used for plane geometry. The plane is sometimes called the 
projective plane. To make a transformation from the plane to a solid 
figure, we may use the following notations. 
S] any line or curve . 
52  plane or surface 
53   three-dimensional • 
Sj^  four-dimensional 
SJJ n-dimensional 
For plane geometry postulate P-U of existence will be replaced by 
postulate P-5» 
P-U Not all the points lie on the same plane. 
P-5 All the points lie on S3 (Closure Postulate) 
Figure 17 is a three dimensional figure of which each line must 
have three points. In order to get three points on a line we must put 




In order to change from three-dimensional to four dimensional to 
a solid figure, we may replace postulate P-5 by P-6. 
P-5 Not all the points lie on S3. 
P-6 All the points lie on Si). 
Figure 18 is based on the postulate of incidence. When three 
distinct points are given not on the same line, one and only one plane 
can be drawn. All the line in the plane intersect the given line AB. 
Let us prove the following postulate. The proof is based on the 
second postulate of incidence. 
A. Any two distinct lines on a plane intersect each other at a point. 
These lines have a point in common. 
Figure 19 
Proof: Given line AB, LN intersects J and PS intersect K. 
(i) It follows from P-2 that two distinct lines cannot inter¬ 
sect in more than one point. 
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(ii) The lines RS and LN must intersect AB in points J and K. 
Also L and S determine a line which again intersect AB 
at F. 
(iii) If L and S are the same, then the lines intersect at L or 
S and hence the theorem is proved. 
If J and F are the same lines, the lines intersect at S. If K 
and F are coincident, or the same, then the lines intersect at K. If 
J and K coincide, then the lines intersect at K. If K and F are coin¬ 
cident, or the same, then the line S intersect at K. If J and K coin¬ 
cide, then the lines intersect at K. If J. K and F are three distinct 
points, consider the triangle L, F, J. If J, K and F are three dis¬ 
tinct points, then consider the triangle L, F, J, where K lies on JF 
and S lies on LF. Therefore, the line joining KS must intersect LJ at 
the point 0. Q. E. D. 
From the proof of the example above, two distinct lines inter¬ 
sect each other at one point in the plane. This will not be true for 
S3, however, two lines lying on S3 do not necessarily intersect. These 
two lines that do not intersect are known as skew lines. 
Figure 20 
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B. Using the third postulate of incidence, let us consider a special 
case where two lines always intersect. If RS and LM are parellel, they 
will intersect at infinity and K will lie on FJ. Given two lines inter¬ 
secting at a point say (p), we will then have three points on a line. 
Hence, we can say that intersecting lines determine one and only one 
plane. 
The following definitions are stated for clarification since a 
plane and a three-space may then be defined by using the postulates of 
incidence and existence. 
Definition 1. For any line AB and any point D that is not on AB, the 
totality of points on the lines joining D to points of AB is called the 
projective plane ABD. 
Definition 2. For any projective plane ABD and any point H that is not 
a point on ABD, the totality of points on lines and planes containing 
H and the lines in the plane ABC, joining H to points on ABD is called 
the projective three-space. 
Definition 3» The totality of points on lines joining T to points of 
the three-space where T does not lie in S3 is called a projective four- 
space ABDHT. 
Definition U. The totality of points on lines joining A to points of 
Sn_i is called a projective n-space Sn ($‘,21/. 
Figures—Suppose Sn is a space, then the set of points, lines, planes, 
hyperplanes (a word used for n-dimensional space) will constitute a 
figure. Similarly, a plane figure is a figure such that all the points 
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of the figure lie in the same plane. A point figure is any set of planes 
and lines on the same point. A line figure is any set of points and 
planes on the same line. Finally, a space figure is a figure such that 
all the points of the figure do not necessarily lie on the same plane. 
They all lie in S3. 
We will now discuss and give an example of point section, line 
section and space section. A point section of a figure F is the set of 
all the points obtained by a point, which does not lie on the figure 
and the points of the figure. The figure could be a plane or space. 
A line section of a plane figure F, by a line JL , is the set of 
points which is obtained by the intersection of a line and the lines 
and planes of the figures, and also the set of planes, obtained by the 
given line and the lines of the figure. 
Figure 22 
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A plane section of a space figure F is the set of points and lines 
■which is obtained by the intersection of the given plane, and the lines 
and planes of the figure respectively. 
Figure 23 
Let us consider the figures below. 
C 
In the first figure let ABC be a triangle and P be a point not 
lying in the plane ABC. The point section of line AC by the point P 
is the plane PAB (obtained by joining point P with every point on AB). 
The point section of ABC by P consists of the lines PA, PB and PC. The 
planes are PAB, PAC and PBC. In the second figure, we let ABC be a 
triangle and a line LM. The line section of the point A will be a 
plane ALM. The line section of B will be BLM and the line section of 
C will be CLM. 
Given any space figure ABC and a plane Tf that is not a plane of 
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ABC, similarly, the planes and the lines of ABC determine with if a set 
of lines and points called the plane section of ABC by 1T . The state¬ 
ment below applies to space figures, however, by rephrasing the state¬ 
ment it can be used to discuss plane figures as in Figure 2$. 
Let ABC be the triangle and let P be any point that is on the 
plane ABC, but not a point of ABC. The points of ABC determine with P 
a set of lines known as the point section of the plane figure ABC by P. 
The point section of ABC by P consists of the lines PA, PB, and PC 
(Figure 25) will illustrate the line section of the plane figure ABC 
by m. Given any plane figure ABC and any line m that is on the plane 
of ABC, but not a line of ABC, the lines of ABC determine with m a set 
of points known as line section. The line section of ABC by m consists 
of the points R * m (AB), S * m (AC) and T = m (BC). The point of 
intersection of the line m and the line AB is denoted by m(AE|. (AB) 
(ST) denotes the point R of intersection of AB and ST 
In synthetic projective geometry, these three figures occur 
frequently, pencil of points, pencil of lines and pencil of planes. 
A set of collinear points is a pencil of points, and the line on which 
they lie is known as the axis of the pencil of points. A pencil of 
lines is a set of concurrent lines, and the point of intersection of 
the lines is known as the center of the pencil of lines. A pencil of 
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planes is a set of planes, which pass through the same line, and the 
line is known as the axis. 
Duality Principles—Planar duality and spacial duality are the 
two principles of duality. 
The principle of planar duality states that in any plane pro¬ 
jective geometry, if we interchange the words "points" and "lines" in 
a properly worded valid statement, then we obtain another valid state¬ 
ment. 
Example 1. Two points determine one and only one line. 
Dual: Two lines intersect in one and only one point. 
Example 2. A triangle is uniquely deteimined by three non-collinear 
points (the three points do not lie on the same line). 
Dual: A triangle is uniquely deteimined by three non-concurrent lines 
(the three lines do not pass through the same point). 
Example 3. A point section of a pencil of points by a point P which 
does not lie on the axis on the pencil of points is a 
pencil of lines with center at P. 
" ô 
Dual: A line section of a pencil of lines by a line X , which does 
not pass through the center of the pencil of points, is a pencil 
of points with axis. 
A self dual plane figure is a figure which does not change the form 
after being subjected to the principle of planar duality. A self dual 
space figure is a figure, which does not change the form after being 
subjected to the principle of spacial duality. 
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The principle of spacial duality states that if in a properly 
worded valid statement, we interchange the words "points" and "planes," 
without changing the word "line," then we obtain another valid state¬ 
ment. 
Example 1* Two points determine one and only one line. 
Dual: Two planes intersect in one and only one line. 
Example 2. A tetrahedron is a self dual figure in space. (Figure 26). 
A tetrahedron is a solid figure determined by four co- 
planar points, such that no three of them are collinear. 
Let us consider postulate PI. Two distinct lines intersect in 
one and only one point. Two distinct planes have one and only one 
line of intersection is the dual of PI. Through two distinct lines 
there passes one and only one plane is the space dual of the plane dual. 
All of these results are valid. The same procedure may be used for any 
theorems regarding incidence of points and lines on a plane. Any given 
theorem has a corresponding plane dual theorem. All the valid theorems 
have valid plane duals. 
In projective geometry the proof of one theorem gives rise to 
three other theorems as we will see below. All the theorems are not 
necessarily distinct. Let us consider the theorem below. 
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Theorem: Any two distinct lines on the same plane determine a unique 
point. 
Plane dual: Any two distinct points on the same plane determine a uni¬ 
que line. 
Space dual: Any two distinct lines on the same point determine a uni¬ 
que plane. 
Space dual of the plane dual: Any two distinct planes on the same point 
determine a unique line. 
All of these statements are valid due to the principle of duality. 
We have proved four theorems at one time because of this principle. The 
principle of duality may be used to organize the theorems of the geom¬ 
etry systematically 9j. 
Perspectivity.—Let us consider Figure 27 in the discussion of per- 
spectivity. We say that two figures F and F1 are perspective if there 
is a one-to-one correspondence between the elements of F and F' and the 
line joining the corresponding points intersect at the same point. This 
point is called the center of perspectivity. The lines joining corre¬ 
sponding points are called pencil of lines known as projectors. The 
plane dual of the statement above and Figure 27 states that two figures 
F and F' are said to be perspective if the elements of F and F1 are in 
one-to-one correspondence and the corresponding lines intersect at a 
point along the same line which is known as the axis of perspectivity. 
The pencil of points are known as traces. 
Figure 27 
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The apace dual of the statement states that two figures F and F* 
in a projective space are said to be in perspective, if there is a one- 
to-one correspondence between the elements of F and F*. The line of 
intersection of corresponding planes will lie on the same plane. This 
plane is called the plane of perspectivity. The pencil of lines are 
known as projectors. 
There are a number of examples we might give to illustrate per¬ 
spective figures. Let us look at Figure 28. 
0 
Figure 28 
The ellipse and circle are different in shape but they are perspective 
because they are in one-to-one correspondence with each other. 
If two triangles ABC and A' B' C’ are in perspective with 
center 0, then they are in perspective with a line, ab and a'b', ac 
and a'c' and be and b'c'. The two triangles are in perspective with 
axis m. (€his theorem is known as the Theorem of Desargues . ). This 
theorem will be discussed in Chapter 3. 
Figure 29 
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In the discussion of perspectivity we will use capital letters to 
denote points, i.e., A, B, C. Small letters will be used to denote 
lines, i.e., a, b, 1, m and small Greek letters will denote planes, i.e., 
c< , , 77^... Also the notations x * % » 411(1 ^ «HI be used 
« » 
in our discussion. ^ denotes that two figures are perspective. 
(i) ABC X A'B'C' denotes that ABC is in perspective with 
A'B'C' with center 0. 
(ii) ABC jj* A'B'C' denotes that ABC is in perspective with 
A'B'C' with axis m. 
(iii) ABC A'B'C' denotes that ABC is in perspective with 
A'B'C' with respect to plane 
Let F and F' be two figures. If F ^ F', then F' = F. For example, 
consider Figure 30. 
F1 ^ F2 and F2 X F3 F1 not perspective to Fy We might ask the 
question, Is F = F' an equivalence relations? The answer is no, be¬ 
cause the relation of perspectivity is not transitive. 
Projectivity.—Projectivity is the consequence of perspectivity. 
Two figures F and F* are said to be obtained from a projective trans¬ 
formation if there exist a finite sequence of perspectivities say 
F, F^, F2... Fn such that one can be obtained from the others through 
their perspectivities. The symbol X denotes (projective to). For 
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example, we want to see if F â F'. F is projective to F iff F ~ F^, 
F-j_ = ^2» ^2 X f3 ••• Fn ^ F'. Since the relation is symmetric we 
may reverse the order and say “ F2, F2 ^ Fp ..., but this does 
not mean that F]^ ^ F^ because it is not a transitive relation. Let us 
consider an example of projactivity. 
Example. Any set of three distinct points on a line m are projective 
with any other set of three distinct points on a line m. Let me be in 
a different plane. Suppose m and m* are not coplanar (not on the same 
plane). ^ 
Figure 31 
Consider the following three cases. 
Case 1. 
(i) Suppose m and m1 are not coplanar. 
(ii) C and C are two distinct points, join them. 
(iii) Lines A C (m) and C C are intersecting, therefore they 
determine a plane. 
(iv) Draw a line m' through C lying on plane ACC. 
(v) Let OB be the third point on CC. Join OB and OA. They 
will intersect m in two distinct points B1 and A re- 
spectivity. 
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To prove that B]_ C = A B C (Figure 31)» we let lines m and 
ra' determine a plane (because they are intersecting lines). Join A' A, 
o' 
B' B and let them intersect in 0. Join O' C. Therefore, A' B' C ^ 
Ax Bx C» and A B C X A« B' C*. 
When there are two sets of three points, with one point in common, 
then they are all projective. 
Case 3. 
Figure 33 
If the lines are identical, m equals m'. We have already shown 
that three points on one line are projective to any other three points 
on another line 
Perspectivity is a particular case of projactivity. We will 
state the postulate of projectivity because it is used in our discus¬ 
sion of the Theorem of Desargues. Also all projective geometries 
satisfied at least Postulates P-1 through P-9. The postulate of pro¬ 
jectivity is stated below. 
ko 
P-9 - Projectivity between two pencil of points is completely 
determined by three pairs of distinct points. There is 
one and only one projectivity between two pencils of points. 
—7* )« 
—* X x— 
Postulate P-9 is stated because P-1 through P-10 are basic postu¬ 
lates which leads to the development of the Theorem of Desargues. 
Let us look at the relationship between perspectivity and pro¬ 
jectivity. For example, a set is a collection of objects with no 
particular objects. Mapping may be a one-to-one or a many-one mapping. 
A B A B 
Figure 3k 
For every element a t Awe assign an element b g_ B, then we say 
that the set A is mapped into the set B. 
Perspectivity and projectivity are one-to-one mapping of one set 
into another. Mapping is also called transformation. Perspectivity is 
a particular case of projectivity. There exists a projective trans¬ 
formation for three distinct points on a line. These three distinct 
points on a line are projective with three distinct points on another 
line. 
Quadrangles and Quadrilaterals.—Since the postulates of ary 
geometry involve relations among the elements of the geometry, it is 
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often desirable to define certain elements and relations in order to 
state the postulates in a convenient form. A complete quadrangle is 
determined by four coplanar points (no three of them are collinear) and 
the six lines which join them. The plane dual of the statement above 
states that a complete quadrilateral (Figure 35) is determined by four 
coplanar lines (no three of them are concurrent) and a set of six 
points, in which they intersect. 
Figure 35 
A simple plane quadrangle is a figure determined by four co¬ 
planar points, (no three of them are collinear) and four lines deter¬ 
mined by four points taken in order. The plane dual of a simple 
quadrangle gives you the same figure. A simple plane quadrilateral is 
the set of four lines and four points. 
Figure 36 
The opposite sides of the quadrangle in Figure 37 are j[ ^ and 
T*ie °PP°site sides of a quadrangle are those lines which do not 
have any vertex in common, but the opposite sides intersect. We can 
U2 
say that ^3 811(1 ^lU 81,6 opposite sides and ^2h 811(1 ^13 81,8 op" 
posite sides. The intersection of opposite sides is called a diagonal 
point. This leads us to postulate 10 which states, 
P-10 - Diagonal points of a complete quadrangle are not collinear. 
Figure 37 
Postulate 9 and 10 are needed in the proof of the Theorem of 
Desargues in Chapter 3. 
The complete and simple n-points are also used in our discussion 
of the Theorem of Desargues. A complete plane 5-points will consist 
of 5 points and 10 lines. 
5C, - 5.1» - 10 or (5\_ 5 » 10. 
2 T ( 2/ 27T37T 
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A complete plane 5-lines will consist of 5 lines and 10 points. A com¬ 
plete space 5-points is a space figure determined by 5-points in space 
(no four of them are co-planar, and no three of them are collinear). 
We have 10 points,(2) ■ 10 and 10 planes (2) ■ 10. A complete 
space n-point will consist of n-points n (n-1) lines (no three of 
them are collinear) and n (n-l)(n-2) planes. 
CHAPTER III 
THEOREM OF BESARŒJES 
We are now in a position to prove one of the oldest and most im¬ 
portant theorems of projective geometry. The triangle theorem of 
Desargues appeared in a small book on conic sections in 1639. Desargues 
theorem involves a relationship between two triangles. It states that 
if two triangles are perspective from a point then they are perspective 
from a line and conversely. 
Case (i) If two triangles on distinct planes are perspective 
from a point they are perspective from a line. 
Case (ii) If two triangles on distinct planes are perspective 
from a line they are perspective from a point. 
Case (iii) If two triangles on the same plane are perspective 
from a point, then they are perspective from a line. 
Case (iv) If two co-planar triangles are perspective from a 
line, then they are perspective from a point. 
All of these cases are equivalent to the given theorem. The the¬ 
orem of Desargues can be proved whether the triangles are on the same 
plane or on different planes. Case (iv) is the plane dual of case (iii). 
Case (i) If two triangles on distinct planes are perspective from 
a point, then they are perspective from a line. 
h$ 
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Proof: Let the triangles ABC and A'B'C' lying on distinct planes be 
perspective from a point 0. Then we have to show that they perspec¬ 
tive from a line . Since the planes are distinct, the projectors 
(OB* B, OA' A, OC C) are distinct and they do not coincide. Let Æ be 
the line of intersection of the two planes ABC and A'B'C'. Line BC 
lies on the plane ABC and the line B'C' lying on A’B’C' intersect at D. 
Similarly, the line CA and C'A' lying on planes ABC and A'B'C' intersect 
at E and the lines AB and A'B' lying on plane ABC and A'B'C' intersect 
at F. The points DE and F lie on both the planes ABC and A'B'C'; they 
lie on the line of intersection of these two planes, therefore, they 
are perspective from a line. Q. E. D. 
Case (ii) If two triangles on distinct planes are perspective 
from a line, then they are perspective from a point 
Figure UO 
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Proof: Since AA', BB', CC are distinct (triangles lie on distinct 
planes), the three planes will not intersect along a line, hence they 
intersect at a point 0. Thus, the triangles are perspective from the 
point of intersection of the three planes. Q. E. D. 
Case (iii) If two triangles on the same plane are perspective 
from a point, then they are perspective from a line. 
Since (iv) is the plane dual of (iii), the proof of 
either one will imply the proof of the other. 
"fl"- plane 
Proof: To prove the result for the triangles on the same plane 77~ , 
we construct a complete space 5-points A B C O2 such that none of 
these five points lie on the plane of the two triangles. A complete 
space five points consists of ten lines and ten planes. Triangle ABC 
is perspective with A1B1C1 from 0 and triangle A2B2C2 is perspective 
with triangle ABC from 02. The line 0]02 intersects the given plane 
at 0. The lines 0]A, O^B, 0]C intersects plane at A^B1and C-^. The 
lines 0^, 02B, 02C intersect at A2, B2 and C2. 0, A^ and A2 is the 
line of intersection of the planes O-jO^ and ~77~. 
* Oa. 
X 01 
0]Bi and B2 lie on the line of intersection of the plane O^B and 7T. 
Similarly, 0, and C2 lie on the line of intersection of the plane 
O-jOgC and^. 
0, 
^ A1 ®1 C1 AABC 
4 Ag Bg C2 =■ AABC 
There are perspective from the lines joining the two planes. 
From the results which we have already proved, it follows that 
planes 77~ of A A]_ B^ and A ABC are perspective from a line. The 
line being the line of intersection of the plane 7t~ and ABC. Let the 
line be £ . 




A A B C 
A A B C 
t- 
Â 4 A2 B2 C2 
A A1 B1 C1 
A 
A 
A B2 ^2 
A1B1C1 Perspective with triangle A2B2C2 from the line . 
This proves two triangles lie on the same plane. 
Using (Figure U3) we see that since A^B^ and A2B2 lie on the same 
line we can choose any point as a starting point. In case the two pro¬ 
jectives coincide, i.e., A-jB-^ and A2B2 are along the same line. Let D 
be the point of intersection of B2C2 and let E lie at the point of inter¬ 
section of A^C^ and A2C2. Join DE and let DE intersect A]_B]_ or A2B2 at F. 
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F maybe considered a point of intersection of and k^2* Hence this 
proves that the triangles are perspective from a line DEF or DE. 
Case (iv) may be obtained from case (iii) by using the principle 
of duality Q. E. D. 
This paper does not cover all of the properties of synthetic pro¬ 
jective geometry, but we have discussed several properties that were 
essential in the proof of the Theorem of Desargues. This theorem is a 
basis theorem of synthetic projective geometry. The synthetic and 
algebraic methods continue to be useful in our search for knowledge and 
yet are brought together in our concept of a geometry as a deductive 
system. 
BIBLIOGRAPHY 
£‘~î/ Coxeter, H. S. M., The Real Projective Plane, Cambridge, 
University Press, 1955. 
7”27 Meserve, Bruce E., Fundamental Concepts of Geometiy, Massachusetts, 
Addison-Wesley, 1959. 
7 National Council of Teachers of Mathematics, "Insights into Modern 
Mathematics," 23rd Yearbook, (1957). 
fh7 Newman, James R., The World of Mathematics, Vol. HI, New York, 
Simon and Schuster, 1956. 
Nicod, Jean, Foundation of Geometry and Induction, New York, 
Humanities Press, 1950. 
7”67 Rose, Israel H., A Modem Introduction to College Mathematics, 
New York, John Wiley and Sons, 1959. 
7~77 Saxena, Subhash C., "Principle of Duality" (Lecture delivered to 
class in Geometry 502, Atlanta University, Atlanta, Georgia, 
July 20, I960). 
717 Saxena, Subhash C., "Synthetic Projective Geometry" (Lecture de¬ 
livered to class in Geometry 502, Atlanta University, Atlanta, 
Georgia, July 20, i960). 
CH Young, John Wesley, Fundamental Concepts of Algebra and Geometry, 
New York, Macmillan, 1925. 
/To7 Young, John Wesley, Projective Geometry, Chicago, Open Court, 
1930. 
h9 
